m 



Oh! 



< 



43 



On 

m 

o 



ON DELIGNE'S CATEGORY Rep ab (S" d ). 



JONATHAN COMES AND VICTOR OSTRIK 



f—**. • Dedicated to the memory of Andrei Zelevinsky 

jH _ Abstract. We prove a universal property of Delignc's category Rep at (S'd) 

Along the way, we classify tensor ideals in the category Rcp (Sd). 



1. Introduction 



pH . 1.1. Let F be a field of characteristic zero and let J be a finite set. Let Si be 

|"V | the symmetric group of the permutations of I and let Rep(Sj) be the category 

of finite dimensional F— linear representations of Si considered as a symmetric 
tensor category. Let Xi £ Rep(Sj) be the space of F— valued functions on I 
with an obvious action of Si. The object Xi with pointwise operations has a 
natural structure of associative commutative algebra with unit lx t in the category 
Rep(Sj). We have a morphism Tr : Xi — > F defined as a trace of the operator 
of left multiplication; clearly the map Xi <E> Xi — > F given by x ® y i— > Tr(xy) is 
a non-degenerate pairing. Finally, Tr(lxj) = dim(X/) = \I\ where \I\ > is the 
cardinality of /. 

Now let G be a finite group acting on d— dimensional associative commutative 

unital algebra T over F such that the pairing Tr(xy) is non-degenerate. It is 

easy to seqj that there exists a finite set / with 1 1\ = d and an essentially unique 

tensor functor F : Rep(SV) — > Rep(G) such that F(Xj) ~ T (isomorphism of 

^\ . G— algebras); in this sense the category Rep(<S7) is universal category (in the realm 

of representation categories of finite groups) with object Xi as above. 



1.2. Now for arbitrary symmetric tensor category T one can consider objects T £ 
k>( ■ T satisfying the following: 

5^ , (a) T has a structure of associative commutative algebra (given by the multipli- 

cation map ht ■ T ®T — > T) with unit (given by the map It : 1 — > T) ; 

(b) The object T is rigid. Moreover if we define the map Tr : T — > 1 as a 
composition 

ij t Tr . 

then the pairing T ®T — > T — > 1 is non-degenerate, that is it corresponds to an 
isomorphism T ~ T* under the identification Hom(T (g> T, 1) = Hom(T, T*); 

(c) We have dim(T) =te F (equivalcntly Tr(l T ) = t). 

For an arbitrary t £ F Deligne defined in |Del07j a symmetric tensor category 
Rep(St) with a distinguished object X which is universal in the following sense: 



Date: April 15, 2013. 
Set / to be the set of F— algebra homomorphisms T — > F where F is an algebraic closure of 
F and use an obvious homomorphism G — > S 1 /. 
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Proposition 1.1. ( |Del07| Proposition 8.3]) Let T be a Karoubian symmetric ten- 
sor category over F. The functor T (-> J~(X) is an equivalence of the category of 
braided tensor functors Rep (St) — > T with the category of objects T G T satisfying 
(a), (b), (c) above and their isomorphisms. 

Note that for t = d G Z>o Proposition 11.11 applied to T = Xi (with |7| = d) 
produces a canonical functor Rep(Sd) — > Rep(Sd) (where Sd '■— Si). It is known 
(see |Del07| Theoreme 6.2]) that this functor is surjective on Horn's. Moreover, 
the morphisms sent to zero by this functor are precisely the so-called negligible 
morphisms (see |Del071 §6.1]). 

1.3. The category Rep(&) is a Karoubian category; it is not abelian for t = 
d G Z>o- Remarkably in |Del07| Proposition 8.19] Dclignc defined an abelian 
symmetric tensor category Rep ab (Sd) and a fully faithful braided tensor functor 
Rep(Sd) —> Rep ab (Srf)n The main goal of this paper is to prove a certain universal 
property of the category Rcp Qb (S^) conjectured in |Del07[ Conjecture 8.21]. 

To state this property we need to use the language of algebraic geometry within 
an abelian symmetric tensor category T (see |Del90j ). Namely, for an object T G 
T satisfying (a), (b), (c) above we can talk about the (affine) T— scheme I := 
Spcc(T) and the affine group scheme Si of its automorphisms, see |Del07[ §8.10]. 
Furthermore, assume that the category T is pre-Tannakian (see ^2.11 below), that 
is it satisfies finiteness conditions from |Del901 2.12.1]. Recall that in this case a 
fundamental group of T is defined in |Del901 §8.13]. This is an affine group scheme 
it G T which acts functorially on any object of 7" and this action is compatible 
with a formation of tensor products. In particular, the action of 7r on T gives a 
homomorphism e : 7r — > Si. Let Rcp(Si) be the category of representations of Si 
(see |Del071 §8.10]) and let Rep(Si, e) be the full subcategory of Rcp(Si) consisting 
of such representations p : Si — > GL(V) that the action poe of it on V coincides with 
the canonical action (see [Del07| §8.20]). Rcp(Si,e) is an abelian symmetric tensor 
category and T is one of its objects. It follows that the functor T : Rep (St) — ¥ T 

constructed in Proposition 11.11 factorizes as Rcp(St) — ^> Rcp(Si,e) — > T where 
the functor Tt is constructed by applying Proposition 1 1 . 1 1 to T G Rcp(Si,e) and 
Rep(Si,e) — > T is the forgetful functor. Here is the main result of this paper: 

Theorem 1.2. (cf. |Del071 8.21.2]) Let T be a pre-Tannakian category and T G T 
be an object satisfying (a), (b), (c) from m.S\ with t = d G Z>o G F. Then 
the category Rep(Si,e) endowed with the functor Ft '■ Rep (Srf) — > Rep(Si,e) is 
equivalent to one of the following: 

(a) Rep(Sd) together with the functor Rep fS^) — > Rep(Sd) from §1.2\ 

(b) Rep a6 (Sd) together with the fully faithful functor Rep(Sd) — > Rey ab (Sd) 
above. 

Remark 1.3. We note that a similar (and easier) statement holds true for t g" Z>o, 
see |Del07| Corollary B2]. 

1.4. The forgetful functor Rep(Si, e) — > T above is an exact braided tensor functor. 
Thus Theorem 11.21 implies that for a pre-Tannakian category T a braided tensor 
functor T : Rep(Sd) — > T either factorizes through Rep (S^) — > Rep(S^) or extends 
to an exact tensor functor Rep a6 (Sd) — > T ■ A crucial step in our proof of Theorem 



We refer the reader to IDel07i §5.8] for an example of Karoubian symmetric tensor category 
which admits no braided tensor functor to an abelian symmetric tensor category. 
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11.21 is a construction of pre-Tannakian category KP d and fully faithful embedding 
Rep(S' ( j) C KP d such that we have the following extension property: a tensor (not 
necessarily braided) functor Rcp(S'd) — > T cither factorizes through Rep (5^) — > 
Rep(S'd) or extends to an exact tensor functor KP d — > T, sec i j5.ll Then we use 
general properties of the fundamental groups from |Del901 §8] in order to prove 
that IC d satisfies the universal property as in Theorem ll.2l and. in fact, is equivalent 
to Rep ab (S d ). 

The following analogy plays a significant role in the proof of Theorem 11.21 Let 
TL(q) be the Temperley-Lieb category, see e.g. [GWl §Al]. Assume that q is a 
nontrivial root of unity. It is well known that the category TL(q) is tensor equivalent 
to the category of tilting modules over quantum SX(2), see e.g. [O] proof of Theorem 
2.4]. Thus TL(q) is a Karoubian tensor category (braided but not symmetric) 
endowed with a fully faithful functor to the abelian tensor category C q of finite 
dimensional representations of quantum SL(2). On the other hand there exists a 
well known semisimple tensor category C q and a full tensor functor TL(q) -» C q , 
see e.g. [XJ §4]. We consider the diagram C q «- TL{q) C C q as a counterpart of the 
diagram Rep(S* d ) «- Rep(S'd) C Rep a6 (S d ). 

The main technical result of JO] states that tensor functors TL(q) — >• V to 
certain abelian tensor categories T> factorize either through TL(q) — > C q or through 
TL(q) C C q (see [(J §2.6]) which is reminiscent of the extension property of the 
category KP d above, see also (Oj Remark 2.10]. Thus in the construction of K, d wc 
follow the strategy from [0] with crucial use of information from |CO| . Namely, we 
find IC d inside the homotopy category of Rep (Sh) as a heart of a suitable t— structure 
(sec 34. 2p . The definition of the t— structure is based on Lemma 13.111 (due to 
P. Dcligne) and almost immediately implies the extension property of the category 
IC d mentioned above. However, the verification of the axioms of a t— structure is 
quite nontrivial. To do this we use a decomposition of the category Rep (5*w) into 
blocks described in |CO| Theorem 5.3]. We provide a blockwise description of the 
t— structure above in §4.3.21 We then observe that the description above coincides 
with the description of a well known t— structure on the blocks of the Temperley- 
Lieb category. 

1.5. Acknowledgments. This paper owes its existence to Pierre Deligne who ex- 
plained a proof of Lemma 13.111 which is crucial to this paper, to the second named 
author when he was visiting Institute for Advanced Study. Both authors are happy 
to express their deep gratitude to him and to the Institute for Advanced Study 
which made this interaction possible. The authors are also very grateful to Alexan- 
der Kleshchev who initiated this project. We also thank Michael Finkclbcrg and 
Fricdrich Knop for their interest in this work and Darij Grinbcrg for his detailed 
comments. The work of the second named author was partially supported by the 
NSF grant DMS-0602263. 

2. Preliminaries 

2.1. Tensor categories terminology. In this paper a tensor (or monoidal) cat- 
egory is a category with a tensor product functor endowed with an associativity 
constraint and a unit object 1, see e.g. |BK| Definition 1.1.7]. Recall that a tensor 
category is called rigid if any object admits both a left and right dual, see |BK| 
Definition 2.1.1]. A braided tensor category is a tensor category equipped with a 
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braiding, see |BK| Definition 1.2.3]. A symmetric tensor category is a braided tensor 
category such that the square of the braiding is the identity. 

Recall that F is a fixed field of characteristic zero. All categories and functors 
considered in this paper arc going to be F— linear. So, an F —linear tensor category 
(or tensor category over F) is a tensor category which is F~ linear (but not necessar- 
ily additive) and such that the tensor product functor is F— bilinear. A Karoubian 
tensor category over F is an F— linear tensor category which is Karoubian as an 
F— linear category (i.e. it is additive and every idempotent endomorphism is a 
projection to a direct summand). A tensor ideal I in a tensor category T con- 
sists of subspaces T(X, Y) C Y{o\nq-(X, Y) for every X, Y G T such that (i) 
ho go f e 1(X, W) whenever / G Hom r (A, Y),g G 1(Y, Z), h G Hom r (Z, W), 
and (ii) / <g> idz G 1{X ® Z,Y ® Z) whenever / G 2(X, Y). For example, if the 
category T has a well defined trace the collection of negligible morphismsn forms a 
tensor ideal, see |GWl §A1.3]. 

Finally we say that an F~ linear symmetric tensor category T is pre-Tannakian 
if the following conditions are satisfied: 

(a) all Horn's are finite dimensional vector spaces over F and End(l) = F; 

(b) T is an abelian category and all objects have finite length; 

(c) T is rigid. 

Remark 2.1. In the terminology of |Del90j a pre-Tannakian category is the same 
as a "categorie tensorielle" (see |Del90| §2.1]) satisfying a finiteness assumption 
|Del90| 2.12.1]. This is precisely the class of tensor categories over F for which a 
fundamental group (see |Del90[ §8]) is defined. 

2.2. The category Rcp(5V). We recall here briefly the construction of the category 
Rcp(S't) following [CO| §2]. We refer the reader to loc. cit. and Del07, §8] for much 
more detailed exposition. 

2.2.1. The category Kep (St). Let A be a finite set. A partition tt of A is a collection 
of nonempty subsets ^ C A such that A = U^ (disjoint union); the subsets 7r^ 
are called parts of the partition tt. We say that partition tt is finer than partition 
/i of the same set if any part of 7r is a subset of some part of fi. For three finite 
sets A, B, C and the partitions n of A U B and \i of B U C wc define the partition 
fi-kiroiAUBUC&s the finest partition such that parts of tt and /i are subsets of 
its parts. The partition /i * tt induces a partition fi ■ tt of A U C such that parts of 
fi ■ 7r are nonempty intersections of parts of fi * tt with A\JC C AuBUC] we also 
define an integer l(jx, tt) which is the number of parts of /i * tt contained in B. 

Definition 2.2. Given t G F, we define the F— linear symmetric tensor category 
Rcp (S't) as follows: 

Objects: finite sets; object corresponding to a finite set A is denoted [A]. 

Morphisms: Hom([A], [B]) is the F— linear span of partitions of A UB; composi- 
tion of morphisms represented by partitions tt G Hom([/l], [B]) and/i G Hom([£>], [C]) 
is^OvOjj.Tr GHom(LA],[C]). 

Tensor product: disjoint union (see |CO| Definition 2.15]); unit object is [0]; 
tensor product of morphisms, associativity and commutativity constraints are the 
obvious ones (see |CQ[ §2.2]). 



Recall that a morphism / S Hom7-(Jf, Y) is negligible if Tr(/g) = for any g £ Honi7-(y, X). 
Wc will call an object negligible if its identity morphism is negligible. 
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The category Rep (>SV) has a distinguished object [pt] where pt is a one-element 
set. The object [pi] has a natural structure of commutative associative algebra 
in RcpnfSV) where the multiplication (rcsp. unit) map is given by the partition 
of pt U pt U pt (resp. pt) consisting of one part. It is immediate to check that 
the object [pt] satisfies conditions (a), (b), (c) from 31.21 Moreover, we have the 
following universal property: 

Proposition 2.3. Let T be an F —linear symmetric tensor category. The functor 
from the category of braided tensor functors T : Rcp nfSV) —¥ T to the category 
of objects T G T satisfying (a), (b), (c) from m.2\ and their isomorphisms, which 
sends T i— > ^([pt]) and sends natural transformations (77 : J- — > J-') M> n pt -\ is an 
equivalence of categories. 

Sketch of proof. We restrict ourselves by a description of the inverse functor on 
objects; for more details see jDel07| §8]. So assume that T G T satisfies (a), (b), 
(c) from 11.21 We define .F(L4]) = T® A (here T® A is a tensor product of copies of 
T labeled by elements of A] since the category T is symmetric this is well defined) . 
The tensor structure on the functor J- will be given by the obvious isomorphisms 
t ®aub = T ®A (g, r ®B It rcmams t0 define T on the morphisms. Observe that 
a morphism from Hom([A], [B]) represented by a partition 7r of A U B is a tensor 
product of morphisms corresponding to partitions with precisely one part it = ®j7Tj. 
Thus it is sufficient to define F(tt) only for it consisting of one part A U B. In this 
case we set T(tt) = T® A — > T — >• T® B where the first map is the multiplication 
morphism T® — > T and the second one is the dual to the multiplication morphism 
t ®b _>. T where T and T * are identified via (b) from gH One verifies that the 
assumptions (a), (b), (c) from §1.21 ensure that the tensor functor T is well defined. 
□ 

2.2.2. The categories Rep(5 t ) and Rep ab (S d ). 

Definition 2.4. (cf. |Del071 Definition 2.17] or [COl Definition 2.19]) The category 
Rep(S't) is the Karoubian (or pseudo-abelian) envelope! of the category Rcp (&). 



It follows immediately from Proposition ^. 3l that the category Rep (St) has univer- 
sal property from Proposition ll.il We now use this universal property to construct 
Deligne's category Rev ab (Sj) from the introduction. 

It is known (see [Del071 Theoreme 2.18] or |C01 Corollary 5.21]) that the category 
Rep(St) is semisimple (and hence pre-Tannakian) for t g" Z>o- In particular, the 
category Rep(S'-i) is pre-Tannakian, so its fundamental group 7r is defined. For any 
d G Z>o we can consider the commutative associative algebra with non-degenerate 
trace pairing Td G Rcp (5_i) which is a direct sum of [pt] and d + 1 copies of the 
algebra 1 = [0]. Clearly, dim(Td) = d, so we can use Proposition ll.il to construct a 
symmetric tensor functor Rep (5V/) — > Rep(S-i). Using the general properties of the 
fundamental group we get a factorization of this functor as Rcp(SVj) — > Rep(5'i, e) — > 
Rep (6 l _i ) (here I = Spec(T^) and e : it — > Si is the canonical homomorphism). 
It is clear that the category Rep(Si,e) is pre-Tannakian; it is proved in jDel07l 
Proposition 8.19] that the functor Rep(SVi) — > Rep(5i,e) is fully faithful. We set 
Rcp ^fffrf) := Rep(5i,e); as explained above this is a pre-Tannakian category and 
we have a fully faithful braided tensor functor Rcp(SVi) — > Rcp ab (Sd). 



we refer the reader to IDel07l §1.7-1.8] for the discussion of this notion. 
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Remark 2.5. The existence of the embedding RcpfSV) C Rcp a6 (<St) implies that 
Yi ® Y2 7^ for nonzero objects Yi, Y2 £ Rep(St) (this is true in any abclian rigid 
tensor category with simple unit object). The same result can be proved directly as 
follows. Given finite sets A and B, it follows from the definition of tensor products 
that the obvious map End ([A]) <g> End([B]) ->• End(L4] <g> [B]) = End(L4 U B]) is 
injective. Since any indecomposable object of Rep(5'() is the image of a primitive 
idempotent e <G End(L4]) for some finite set A, see e.g. |CQ1 Proposition 2.20], it 
follows that the tensor product of two nonzero morphisms in Rep(S't) is nonzero. 
The statement for objects follows by considering their identity morphisms. 

2.2.3. Indecomposable objects of the category Rep (St). The indecomposable objects 
of the category Rep (S^) are classified up to isomorphism in jCOl Theorem 3.3]. The 
isomorphism classes arc labeled by the Young diagrams of all sizes in the following 
way. Let A be a Young diagram of size n = \X\ and let y\ be the corresponding 
primitive idempotent in FS n , the group algebra of the symmetric groupj. The 
symmetric braiding gives rise to an action of S„ on [pt]® n ; let [pt] x denote the 
image of y\ £ End ([pi]®"). For any Young diagram A of size |A| there is a unique 
indecomposable object L(X) £ Rep(St) characterized by the following properties: 

(a) L(X) is not a direct summand of [pt]® k for k < |A|; 

(b) L(X) is a direct summand (with multiplicity 1) of [pt]^. 

It is proved in jCOl Theorem 3.3] that the indecomposable objects L(X) are well 
defined up to isomorphism, and any indecomposable object of Rep (St) is isomorphic 
to precisely one L(X). 

2.2.4. Blocks of the category Rcp (St). Let A be a Karoubian category such that 
any object decomposes into a finite direct sum of indecomposable objects. The 
set of isomorphism classes of indecomposable objects of A splits into blocks which 
are equivalence classes of the weakest equivalence relation for which two indecom- 
posable objects are equivalent whenever there exists a nonzero morphism between 
them. We will also use the term block to refer to a full subcategory of A generated 
by the indecomposable objects in a single block. 

The main result of [CO] is the description of blocks of the category Rep(St). 
We describe the results of loc. cit. here. We will represent a Young diagram A as 
an infinite non-increasing sequence (Ai, A2, . . .) of nonncgative integers such that 
Xk = for some k > 0, see |CO| §1.1]. For a Young diagram A and t £ F wc define 
a sequence [J,\(t) = (t — |A|, Ai — 1, A 2 — 2, . . .). 

Theorem 2.6. ([CQl Theorem 5.3]) The objects L(X) and L(X') ofRey(St) are m 
the same block if and only if fj,\ (t) is a permutation of (i\i (t) . 

Let B be the set of blocks of the category Rep(SV); for any b £ B let us denote 
by Rep b (St) the corresponding subcategory of Rep (5V); we have a decomposition 
Rep(St) = ®b€BJkp b (5t). 

Proposition 2.7. Let b £ B. One of the following holds: 

(i) b is semisimple (or trivial): the category Rcp b (St) is equivalent to the category 
Yccp of finite dimensional F— vector spaces as an additive category. We will denote 
by L = L(b) the unique indecomposable object of this block. Then dim(L) = 0, or, 
equivalently, idp is negligible. 



5 Here y\ is a scalar multiple of the so-called Young symmetrizer (see for instance [FH ) . 
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(ii) b is non-semisimple (or infinite). In this case the additive category Kcp b (St) 
is described in |CO[ §6] (in particular, it does not depend on a choice of non- 
semisimple block b). There is a natural labeling of indecomposable objects of the cat- 
egory Rcpti(S't) by nonnegative integers; we will denote these objects by Lq,Li, . . .. 
Then dim(Li) = for i > and dim(Lo) 7^ 0, that is idj Ji is negligible if and only 
ifi>0. 

Further, it is shown in |COj that for any t S F there are infinitely many semi- 
simple blocks and finitely many (precisely the number of Young diagrams of size t) 
non-semisimple blocks. In particular, for t g" Z>o all blocks are semisimple (hence 
the category Rep (St) is semisimple). 

2.3. Temperley-Lieb category. The results on the category Rcp(S't) in many 
respects are parallel to the results on the Temperley-Lieb category TL(q). We 
recall the definition and some properties of this category here. 

Definition 2.8. (see e.g. |GW[ §A1.2]) Let q be a nonzero element of an algebraic 
closure of F such that q + q^ 1 <E F. We define the F— linear tensor category TLo(q) 
as follows: 

Objects: finite subsets of K considered up to isotopy; we will denote the object 
corresponding to the set A by (A) . 

Morphisms: Kom((A), (B)) is the F— linear span of one dimensional submani- 
folds of R x [0, 1] with boundary AU B where AclxO and Bclxl (such 
submanifolds are called embedded unoriented bordisms from A to B) modulo the 
relation [bordism U circle] = (q + q~ 1 )[bordism}; composition is given by juxtapo- 
sition. 

Tensor product: disjoint union (write K = M<o U U K>o and identify M<o and 
]R>o with IR); the unit object is (0); tensor product of morphisms and associativity 
constraint are the obvious ones. 

Next we define the category TL(q) as the Karoubian envelope of the category 
TLo(q). The category TL(q) has a universal property (see e.g. [O] Theorem 2.4]) 
but we don't need it here. The indecomposable objects of the category TL(q) are 
labeled by nonnegative integers: for any i G Z>o there is a unique indecomposable 
object Vi which is a direct summand (with multiplicity 1) of (pt)® 1 but is not a 
direct summand of (p£)® fc whenever k < i. 

The category TL{q) is semisimple for generic values of q; more precisely the 
category TL{q) is not semisimple precisely when exists a positive integer I such 
that 1 + q 2 + . . . + q 21 =0 (we will denote the smallest such integer by l q ). Assume 
that the category TL(q) is not semisimple. Then we have a full tensor functor 
TL(q) — > C q and a fully faithful tensor functor TL(q) — > C q where C q is a semisimple 
tensor category (sometimes called the "Verlinde category") and C q is the abelian 
tensor category of finite dimensional representations of quantum SL(2), see e.g. [Ol 
Theorem 2.4]. 

The blocks of the category TL{q) are well known. Similarly to the case of the 
category Rep(S'd) there are infinitely many semisimple blocks (which arc equivalent 
to the category Vccf as an additive category) and finitely many (precisely l q ) non- 
semisimple blocks. The following observation is very important for this paper: 

Proposition 2.9. ( [COl Remark 6.5]) All non-semisimple blocks of the category 
TL(q) are equivalent as additive categories. Moreover, they are equivalent to the 
category Kep b (Sd) where b is any non-semisimple block of the category Rep ( Sd). 
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Remark 2.10. We can transport a labeling of indecomposable objects of Rcp b (5d) 
(see Proposition 12.71 (ii)) to a non-semisimplc block of the category TL{q) via the 
equivalence of Proposition [53] (it is easy to see that the resulting labeling does not 
depend on a choice of the equivalence). 

Recall that the category TL(q) has a natural spherical structure and so the 
dimensions dim.? L(q)(Y) of objects Y £ TL(q) are defined, see e.g. [GW| §A1.3]. 
The following result is well known, see e.g. O (1.6) and Proposition 3.5]: 

Lemma 2.11. Let L be a unique indecomposable object in a semisimple block of 
TL(q). Then diniT L(q){L) — 0. For a non- semisimple block we have dim.TL(q){Li) — 
for i > and dimj^q^Lo) ¥" where Li are indecomposable objects in this block 
labeled as in Remark \2.10\ D 

3. Tensor ideals and the object A e Rep(Sd) 

In this section we define objects A„ £ Rep(S't) for n £ Z>o and t £ F. We then 
give A n the structure of a commutative associative algebra in Rcp (5't) and study 
many A„-modules. Finally, using our results on the objects A„, we classify tensor 
ideals in Rep (6V;) when d is a nonnegative integer. Before defining the objects A„ 
we prove the following easy observation which will be used throughout this section. 

Proposition 3.1. Suppose Aq, . . . , A n and Bq, . . . , B m are finite sets with Aq = Bq 
and A„, = B m . Suppose further that fi (resp. gi) is an F -linear combination of 
partitions of Aj_i U A; (resp. -Bi_i U Bi) whose coefficients do not depend on t for 
all 1 < i < n (resp. 1 < i < m). Lf f n ■ ■ ■ fi = g m ■ • • 3i in Key Q (St) for infinitely 
many values of t £ F, then f n ■ • ■ f\ = g m ■ • ■ g\ in Rep (5V) for all t £ F. 

Proof. For each t £ F and partition ir of ^o LI A n = Bq U B m , let a v (t) £ F (resp. 
b w (t) £ F) be such that /„ • ■ • /i = X^ a 7r( t ) 7r ( res P- 9m- --gi = X^M*) 71 ") in 
Rcp (S't) where the sum is taken over all partitions 7r of ^o LI A n = Bq U B m . 
Then f n ■ ■ ■ /i = g m ■ ■ ■ g\ in Rep (5't) if and only if a n (t) = 6 ff (i) for all w. By the 
definition of composition in Rcp pfSV), both a v (t) and b v {t) are polynomials in t for 
each 7r. The result follows since a polynomial in t is determined by finitely many 
values of t. □ 

3.1. The objects A„ £ Rep(»SV). Suppose n is a nonnegative integer and let A n = 
{i | 1 < i < n}. Consider the endomorphism x„ = Xid„ : [A n ] — > [A n ] in Rep (5^) 
(see [COl Equation (2.1)]). 

Proposition 3.2. x„ is an idempotent which is equal to its dual for all n>0. 

Proof. The fact that x* n = x n follows from the definition of x n . By Proposition ^. 1[ 
it suffices to show x n is an idempotent in Rcp (&) for infinitely many values of t. 
It follows from |CO[ Theorem 2.6 and Equation (2.2)] that x„ is an idempotent in 
Rcp (St) whenever t is an integer greater than In. □ 

Since R_ep(Si) is a Karoubian category (i.e. R_ep(St) contains images of idempo- 
tents) the following definition is valid. 

Definition 3.3. Let A„ £ Rep (£t) denote the image of the idempotent x„0 



"In the notation of ICOI . A n = ([n],x n ). 



ON DELIGNE'S CATEGORY Rcp a6 (S d ). 9 

Note that the commutative associative algebra structure on [pt] extends in an 
obvious way to a commutative associative algebra structure on [A n ] = [pt]® n . Let 
fi n : [A n ] (B> [A n ] — > [An] and 1„ : 1 — > [A n ] denote the multiplication and unit maps 
respectively. 

Proposition 3.4. The multiplication map x n fx n (x n ® x n ) : A„ ® A„ — >• A n gives 
A n the structure of a commutative associative algebra in Rep(St) with unit given 
by x„l„ : 1 ->• A„. 

Proof. We are required to show the following equalities hold in Rcp (&): 

(o.lj X n fI n [X n fI n [X n 09 X n ) Qv X n ) = X n fI n [X n Qy (X n fJ, n [X n Qy X n )), 

[O.ZJ X n fX n yX n ± n §y Xn) X n X n {A n yX n W X n l n ), 

yo.o) X n fl n yX n Qv X n )p n ^ n \X n Qy X n j = X n fl n yX n Qv X n ), 

where j3 n _ n : A n ® A n — > A n <£> A n is the braiding morphism (see for example [CO! 



§2.2]). By Proposition O it suffices to show (|33[) . (|3T2]) . ((373]) hold for infinitely 
many values of ty\ Using |CQ[ Theorem 2.6 and Equation (2.2)] it is easy to show 
(|3.ip . (|3.2|) . (|3.3|) hold whenever i is a sufficiently large integer. □ 



By Proposition ^. 41 we can consider the category A„-mod of all left A n -modules. 

3.2. Some A n -modules. Suppose j is a nonnegative integer with 1 < j < n. 
Give a finite set X, let 9^- : Hom Rop (5 t )(^4„,X) —> Hom Rcp ( St )(A n+1 ,X) and 
Qf : HomRc P (5 t )(X, A n ) — ► Rom^ £p ^ St ' ) (X,A n+ i) be the i^-linear maps defined 
on partitions as follows: if 7r is a partition of X U A n , then ©^-(71") = 8^(7r) is 
the unique partition of X U A n+ i which restricts to it and has j and n + 1 in 
the same part. Now let Qj : EndRc P (5 t )(A„) —> EndR £ p( St )(A n+ i) be the ^-linear 
map <dj = 0^ o ■ ". It is easy to check that @j is an injective (non-unital) 
F-algcbra homomorphism for each 1 < j < n. In particular, by Proposition 13.21 
%n,j '■= ®j( x n) is an idempotent for each j. 

Definition 3.5. Let A„(j) £ Rep (St) denote the image of x n j- 

Next we give A n (j) the structure of a A„-module. Let a = x nj -0 n (x n )x n : 
A„ ->■ A„(j) and (i = x nd Q :J (^ n )(x n ^ ® »„,_,•) : A„(j) <g> A„(j) -> A n (j). Finally, 
let = P(a ® x n ,j) ■ A„ ® A„(i) h- A„(j). 

Proposition 3.6. fij TTie map <f> gives A n (j) f/ie structure of a A n -module. 

(2) The map x n j<d, n (id,A n )x n : A n — > A n (j) is an isomorphism of A n -modules 
with inverse x n Q\ (id,A„)%nj- 
Proof. For part (1) we are required to show the following equation holds in Rep n(5V): 

/q .\ X n j\yjyfi n )yyX n jKy,j \X n )X n [l n yX n vyX n )) Qy X n j ) 

= X n j " j (MnJ \Xn j " j (.^raj^n <> (^n,j "j (.MnjlA^ri j "j (^nj^nj ® *^n,j')JJ- 

For part (2) we are required to show the following equations hold in RepndSt): 

(3.5) XnjQj " (id An )x n Q J An (id An )x nd = x nj , 

(3.6) x n & l A n (}dA n )zn,j®j n (idA n )x n = x n . 



'In fact, 13. It . I I3.2I I. 1 13.311 do not depend on t, so we only need to verify they hold for some t. 
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Now use Proposition 13.11 and |CO[ Theorem 2.6 and Equation (2.2)]. □ 

Next, we give the object A„ + i the structure of a A„-module. To do so, set 
ip = x n+1 (n n © id[pt])(a; n © x n+1 ) : A„ © A n+1 ->• A n+1 . 

Proposition 3.7. TTie map -0 gives A„ + i i/ie structure of a A n -module. 

Proof. We are required to show the following equation holds in Rep (5 t ): 

,„ 7 \ x n+ i(fi n ®id[ pi ])((x„/i„(a;„ © x n )) ©£„+i) 

= x n+ i((j, n ® id[pt])(x„ ® (a; n+ i(/x„ © id[ pt] )(x„ © x„+i))- 

Now use Proposition 13. II and jCO| Theorem 2.6 and Equation (2.6)]. □ 

The following lemma will be important for us later. 

Lemma 3.8. A„ © [pt] = A n+ i © A„(l) © • • • © A„(n) in ifte category A n -mod. 

Proof. First, using Proposition 13 . 1 1 and |CO| Theorem 2.6 and Equation (2.6)] it is 
easy to show that the following identities hold in Rep (5V): 

X n © ld[pj] = X ra +1 + 2^ Inj, 
' ' X n jX n+1 = = Xn+iXnj (1 < j < Tl) , 

Next, define * : A n © [pt] -» A„ +i © A„(l) © ■ • • © A n (n) by 

»„+i(x„ ®id[pt]) 



»n,l(jCn <8>id[pt]) 



a;™,n(a;n ©id[ pt ]) 
Using (|3.8p is is easy to check that ^ is an isomorphism in Rep (St) with inverse 

*~ 1 = [ (x n <8>id[pt])Xn+l (£n®id[pt]):En,l ■•• (x„ © id[pt])»n,n ] ■ 

It remains to show that ^ and "L^ 1 arc arc morphisms in the category A„-mod. 
Showing ^ is a morphism in A„-mod amounts to showing the following equations 
hold in Rep (&): 
(3.9) 

Xn+i(Hn <8>id[p t ])(a; n © (x n+1 (x n ©id [pt ]))) = x n+ i((x n ^i n (x n ©x„)) ©id [pt ]), 



x n jQ j {ii n ){{x n jQ :j n {x n )x n ) © (x„,j(x„ © id[p t ]))) 

= x n ^((x n n n (x n ©x„)) ©id [p4] ) (1 < J < rc). 

To show the equations in (|3.9j) hold, use Proposition ^ . 1 1 and |CO| Theorem 2.6 and 
Equation (2.6)]. The proof for "J -1 is similar. □ 

3.3. The category Rcp A ™ (St). Let A„-modo denote the full subcategory of An- 
mod such that a A„-module M is in A n -modo if and only if M = A„© Y in A n -mod 
for some Y £ Rep(St). Let Rep A,1 (St) denote the Karoubian envelope of A„-modo. 
The advantage of working in Rep A ™(5' t ) rather than in the category A„-mod is that 
we can give Rep A ™ (S t ) the structure of a tensor category with relative ease. Indeed, 
given M, M' e A„-mod we know M = A„ © Y and M' = A„ © 1" as A„-modules 
for some Y, Y' € Rep(S t ). Set M ® A „ M' := A n © Y © V. Given N, N' £ A„- 
modo with N = A n © Z and 2V' = A n © Z' and morphisms / £ HomA„-mod (Af , iV) 

and g £ Hom A „-mod (M', N'), write / : A n © Y -=» AI -A TV -=*■ A„ © Z and 



ON DELIGNE'S CATEGORY Rcp aD (S d ). 11 

g:A n ®Y'-=> M' -^ N' -=*■ A„ Z'. Define / ® A „ g : M <g A „ M' -> iV ® A „ N' 
to be the composition M <g A „ A/' = A n <g> F ® F' ^-T A„ ® Z ® Y' -—> A„ (g 

F' <g Z 9 ^4 Z A„ (g> Z' <g> Z -A- A„ (g> Z <g> Z' = TV ® An AT'. It is easy to check that 
(g An : A„-modo x A„-modo — > A„-modo is a bifunctor which (with the obvious 
choice of constraints) makes A„-modo into a rigid symmetric tensor category. The 
tensor structure on A„-modo extends in an obvious way to make Rep (St) a rigid 
symmetric tensor category too. 

Notice that A rl+ i is an object in Rep A "(5«). Indeed, by Lemma \5H[ the A n - 
module A„ +1 is the image of an idempotent of the form A„ <g [pt] — > A„ (g [pt]. 
This idempotent is an element of End An _ mo( j ( A n <g [pt]); hence its image is an 
object in the Karoubian category Rep A "(5f). The next two propositions concern 
the structure of A ?l+ i e Rep A "(S , t ). We start by computing its dimension: 

Proposition 3.9. dim Rep A„ r$ f ) (A„ + i ) =t — n. 

Proof. First, by Lemma T3. 81 and Proposition 13. 6f 2). 

dim fi§p A„ (St) (A n+ i) = dim Ii£p A„ (St) (A„ (g [pt]) - ndiniR £p A„ (St) (A„). 

Now, consider the tensor functor A„ (g — : Rep (St) — > Rcp A "(S't). Since ten- 
sor functors preserve dimension, dim Rcp A„(s t )(A n ) = dim Rcp f5 t )([0]) = 1 and 
dim R e P A„ (St) (A n <g [pt]) = dim.Rep(s t )([pt]) =t. □ 

Our next aim is to show A n+ i S Rcp A " (St) satisfies (a) and (b) from tll.21 To do 
so, let inc : A n+ i — > A n (g [pt] and proj : A„ (g [pt] — > A n+ i denote the morphisms 
in Rcp A "(S't) determined by Lemma I3T51 Moreover, let m : (A„ (g [pt]) (g An (A„ (g 

[pi]) — > A„ (g [pt] denote the morphism A„ (g [pt] (g [pt] -^-> A„ <g [pt]. Now 

consider the following morphisms: 

(3.10) 

A„ + i® A „A„+i — ? (A n <g>[pi])<g>A„ (A„® [pi]) — > A„ ® [pt] p -4 A n+1 , 

(3.11) A^^A^^^A^. 

Proposition 3.10. With the multiplication and unit maps given by 13. 1 0\) and 
H3.ll]) respectively, A n+ i 6 Rep " (St) satisfies (a) and (b) from $1.21 

Proof. Write ^ A „ +1 and 1 A „ +1 for the morphisms given by (|3.10[) and p. lip respec- 
tively. First, it is easy to see that m (resp. id All (g)li) is a morphism of A„-modulcs. 
Hence, /U A „ +1 (resp. l An+1 ) is a morphism of A„-modulcs too. Now, to show A )l+1 
satisfies (a) from qi.2l we must show the following equations hold in Rep A "(S' t ): 

Ma„ +1 (ma„ +1 ®A n id A „ +1 ) = MA„ +1 (id A „ +1 ® A „ Ma„ +1 ), 

(3.12) MA„ +1 (1 A „ +1 ®A„ id A „ +1 ) = id A „ +1 = ^A„ +1 (id A „ +1 ® A „ 1 A „ +1 ), 

MA„ +1 ^A n+ i,A„ + i =MA n+ i, 
where /3 An+1 , An+1 : A n+1 (g> An A„ + i — > A n+ i (g Are A n+ i denotes the braiding 
morphism. To do so, first notice that by p.8[) the morphisms proj, inc, and id An+1 
are all given by x n +i. Let r (resp. v) denote the identity morphism on A„+i (g A „ 
A n +i (resp. A„+i (E>A n A„+i (g A?l A n +i). Then, by the definition of (g A „, we have 
the following realizations of r and v as morphisms in R_epo(St): 

/„ -,o\ T = ( x n <g /3i,i)(x„ + i (g id[ pt ])(a?„ <8> /?i,i)(ar„+i <8> id[ pt] ), 

f = (x n ® ^i,2)(x„+i (g id[pf]®[pt])(ar„ (g /3 2 ,i)( T " ® id [ p t])) 
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where j3 n ,m ■ A n <g A m —> A m <g> A n denotes the braiding morphism in Rep Q (&) for 

each n, m > 0. Moreover, 

(3.14) 

1a„ +1 = x n+ i(x„ (g li), Ma„ +1 = x n+ i(x n (g /Wi)r, /?a„ +1 ,a„ +1 = r(x n <g> /?i,i)r. 

Thus, showing the equations in (|3. 12[) hold in Rep " (St) amounts to showing the 
following equations hold in Rcp offft): 

x n+ i(x n ®ni)r(x n 0ft,i)(i„+i ®id [pt ])(a;„ (g /3i,i)((a; n+ i(a;„ (g ^i)r) (g)id[ pt] )^ = 
x n+ i(x n (g /ii)r(a;„ (g / 9i,i)((o;„ + i(a;„ (g /Ui)r) (g id [pt ])(a;„ (g fii,2)(x n+ \ <g id M8 [ pt ])^, 
x„ + i(a; n (g/ii)r(x„ ®ftj)(i„ + i (gid M )(a;„ (g /3i,i)(a;„ + i(a; n (g li) <g id M ) 
= a;„ + i = x„ + i(x n (g^i)r(x„+i (g /3i,i)((a; n+ i(a;„ © li)) (g id [pt ])a; n+ i, 
x n+ i(x„ ®//i)r(x„ (g) /3i,i)r = x n+ i(x„ <8>/ai)t. 

All equations above are straightforward to check using Proposition 13.11 and |CQ[ 
Theorem 2.6 and Equation (2.6)]. Thus A„ + i satisfies part (a) from HI. 21 

To show A„ + i satisfies part (b) from qi.2l first notice that A„ + i G Rep A "(St) 
is self dual (because the morphism x n+ i is self dual). Hence, we are required to 
show that the following morphism is invcrtible in Rep "■(St.). 

(3.15) ((Tr |UA n+1 ) ®A„ idA„ +1 )(idA„ +1 <gA„ coev An+1 ) : A n+ i -» A„ + i, 

where the morphism Tr : A„ + i — > A„ is defined in S 11.2f b). In fact, we claim the 
morphism in (|3.15p is equal to the identity morphism idA„ +i - To prove this claim, 
first notice that 

(3.16) Tr = ewA„ +1 /?A„ +1 ,A n +i(/ i A„+i <&A n idA„ +1 )(idA„ +1 ®A„ coev An+1 ). 

Also, e«A„ + i = x n (x n (g eu[ pt ])r and coev An+1 — r(x„ (g coev^)x n . Hence, using 
(|3. 13|) . (|3.14j) . and the definition of ®A n! we can realize the morphism in (|3.15p 
as a morphism in Rep (S't)- Now use Proposition 13.11 and jCOl Theorem 2.6 and 
Equation (2.6)] to show that this morphism is equal to x n -\-\. □ 

3.4. Deligne's lemma. Fix an integer d > 0. Set A = Ad+i G Rcpfffw) and 
A+ = A d+2 G Rcp A (5'd). By Proposition 1331 dim S£p A (Sd) (A+) = -1. Hence, 
by Propositions 11.11 and 13.101 there exists a tensor functor Ta : Rep (ff_i ) — > 
Rep A (Sd) with J-A([pt]) = A + . Let Rcs |^ denote the tensor functor Rep (5V;) — > 
Rcp(SLi) described in ^2.2.21 i.e. the functor prescribed by Proposition 11.11 with 
Resf* ([pt]) = [pt] © [0]® d+1 . Then we have the following 

Lemma 3.11. The functor A (g — : Rcp CSw) — > Rep A (5'w) is isomorphic to the 
composition Ta o Res s d . 

Proof. Both A <g — and J- a ° Rcs ff ^ are tensor functors which map [pt] G Rep(S'd) 
to an object isomorphic to A + © /\® d+1 £ Rcp A (5' ( j) (see Propositions 13. 6f 2) and 
I3.8[) . Hence, by Proposition II. 1[ they are isomorphic. □ 



The following corollary to Deligne's lemma will be used in the next section to 
classify tensor ideals in Rep(S r ( j). 

Corollary 3.12. Every nonzero tensor ideal in Hcy >(Sd) contains a nonzero identity 
morphism. 
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Proof. Suppose I is a nonzero tensor ideal in Rcpfffrf). Since tensor ideals are 
closed under composition, it suffices to show that I contains a morphism which has 
a nonzero isomorphism as a direct summand. Let / be a nonzero morphism in X. 
Then, by Remark 12.51 idA ® f is also a nonzero morphism in I. By Lemma 13.111 
idA 8> / = -^a(/') for some nonzero morphism /' in Rep(5'_i). Since Rcp (5*_i ) is 
semisimple (see |Del07| Thcoreme 2.18] or |CO| Corollary 5.21]) it follows that /' 
(and therefore J"a(/')) is the direct sum of isomorphisms and zero morphisms. □ 

3.5. Tensor ideals in Rep(S'd). In this section we use results from |COj along 
with Corollary 13. 121 to classify tensor ideals in Rep (iSrf) for arbitrary d € Z>oa We 
begin by introducing an equivalence class on Young diagrams: 

Definition 3.13. Consider the weakest equivalence relation on the set of all Young 
diagrams such that A and p are equivalent whenever the indecomposable object 
L(A) is a direct summand of L(p) ® [pt] in Rcp dSVi). When A and p are in the same 

d 

equivalence class we write A « /i. 

The following proposition contains enough information on the equivalence rela- 
tion ss for us to classify tensor ideals in Rep (iSd). 

Proposition 3.14. Assume d is a nonnegative integer and A,/i are Young dia- 
grams. 

(1) A nonzero morphism of the form L(X) — > L(p) is a negligible morphism in 
Key (Sri) if and only if L(X) or L{p) is not the minimal indecomposable object in 
an infinite block ofKcp(Sd). 

(2) A w/i whenever L(X) and L(p) are in trivial blocks of Kcv (Sd). 

(3) A « p whenever L(X) is a non-minimal indecomposable object in an infinite 
block and L(p) is in a trivial block o/Rep(S*rf). 

(4) A ~ p whenever neither L(X) nor L(p) is a minimal indecomposable object 
in an infinite block of Kev (Sd). 

(5) Suppose A ps \i and I is a tensor ideal in Rep(S'rf) containing idL{\)- Then 
id,L(ij,) is also in X. 

Proof. Part (1) follows from }CO| Proposition 3.25, Corollary 5.9, and Theorem 
6.10]. Part (2) is easy to check using |CO| Propositions 3.12, 5.15 and Lemma 
5.20(1)]. Part (4) follows from parts (2) and (3). Part (5) is easy to check. Hence, 
it suffices to prove part (3). To do so, let b denote the infinite block of Rcp (5V;) 
containing L(X). We will proceed by induction on b with respect to -< (see [CO! 
Definition 5.12]). 

If b is the minimal with respect to -<, then using jCOl Proposition 3.12 and 
Lemmas 5.18(1) and 5.20(1)] we can find a Young diagram p with L(p) in a trivial 

block of Rcp(Sd) such that A « p. By part (2) p w /j, and we are done. Now 
suppose b is not minimal with respect to -<. Then, using |CQ[ Proposition 3.12 

and Lemmas 5.18(2) and 5.20(2)], we can find a Young diagram p' with X~p' such 

that L(p') is in an infinite block b' of Rep(Sd) with b' ijj b. By induction p' rs p 
and we are done. □ 



8 If t £ Z> then Rep(St) is semisimple (see IDel07l Theoreme 2.18] or [COl Corollary 5.21]). 
Hence there are no nonzero proper tensor ideals in Rep(Sj) when t £ Z>q. 
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We are now ready to classify tensor ideals in Rcp fffrf). 

Theorem 3.15. If d is a nonnegative integer, then the only nonzero proper tensor 
ideal in Rep(SVi) is the ideal of negligible morphisms. 

Proof. Assume I is a nonzero proper tensor ideal of Rep dSV/). Then I is contained 
in the ideal of negligible morphisms (see |GW( Proposition 3.1]), hence we must 
show that X contains all negligible morphisms. Suppose A is a Young diagram such 
that L(X) is not the minimal indecomposable object in an infinite block of Rep (<5V;). 
By Proposition 13. 14( 1). it suffices to show id^(A) is contained in I. By Corollary 
13.121 there exists a nonzero identity morphism in I. It follows that T contains 
id_L( M ) for some Young diagram jj,. In particular, id^( M ) is a negligible morphism. 
Hence, by Proposition 13.14( 1). L{fx) is not the minimal indecomposable object in 

an infinite block of Rep(Sd). Thus, by Proposition 13.14( 4). A w /_/,. Finally, by 
Proposition 13. 14T 5). id^m is contained in I. □ 

Corollary 3.16. The tensor ideal in Rep (5Vi) generated by id& is the ideal of all 
negligible morphisms. 

Proof. idA = x<i+i is a nonzero negligible morphism in Rep (5V;) (see |CQ[ Remark 
3.22]). Hence, the result follows from Theorem 13. 151 □ 

4. t-STRUCTURE ON A' b (Rep(5w)) 

4.1. Homotopy category. Let A be an additive category. Let K b (A) be the 
bounded homotopy category of A, see e.g. }KS| §11]. Thus the objects of K b (A) are 
finite complexes of objects in A and the morphisms are morphisms of complexes 
up to homotopy. The category K b {A) has a natural structure of a triangulated 
category, see loc. cit. In particular, for each integer n we have a translation functor 
[n] : K b {A) -> K b (A). 

Any object A € A can be considered as a complex A[0] concentrated in degree 
or, more generally, as a complex A[n] concentrated in degree — n. Thus we have a 
fully faithful functor A -> K b (A), A*+A[0]. We will say that an object K £ K b (A) 
is split if it is isomorphic to an object of the form ©j-Aj[ni] with Ai G A, n, G Z. 

Now assume that A is an additive tensor category. The category K b {A) has a 
natural structure of an additive tensor category. If the category A is braided or 
symmetric then so is the category K b (A). The functor A — > K b (A), A t— > A[0] has 
an obvious structure of a (braided) tensor functor. If the category A is rigid so is 
the category K b (A). 



4.2. Definition of t— structure. We can apply the construction from §4.1l to the 
case A = Rcp(Sd). We obtain a triangulated tensor category /Q := K (Rep(ffrf))- 
We have 

Proposition 4.1. For any K £ JCd the object IS.® K is split. 

Proof. By Lemma 13.111 the functor A (g> — : Rep (5^) — > Rep (5^) is naturally 
isomorphic to a composition Rep (5V;) — > Rep (5_i) —> Rcp(SVi). The category 
Rep(5'_i) is scmisimplc ( |Del07| Thcorcme 2.18] or |CO[ Corollary 5.21]), so every 
object of A b (Rep(5Li)) is split. The result follows. D 

We define ICj as the full subcategory of JCd consisting of objects K such that 
A(g> K is concentrated in non-positive degrees (that is isomorphic to ©iA[^j] with 
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Ai E A and m E Z>o). Similarly, we define K, d as the full subcategory of ICd 
consisting of objects A such that A (g A is concentrated in non-negative degrees. 
The following result will be proved in ^4.31 

Theorem 4.2. The pair (JC d , K. d ) is a t— structure (sec BBD, Definition 1.3.1]) 
on the category K-d- 

Recall that the core of this t— structure is the subcategory K? d = K d D K, d . By 
definition this means that A E KP d if and only if A (g A is concentrated in degree 
zero. In particular, for any A E Rep ( 5V;) the object ^4[0] € KP d . We have 

Corollary 4.3. (a) The category KP d is abelian. 
(b) The category JC d is a tensor subcategory of K-d ■ 

Proof, (a) follows from Theorem 14.21 and jBBDl Theoreme 1.3.6]. For (b) we need 
to check that for A, A' £ K d we have A <g A' E K d . Assume this is not the 
case. This means that the split complex A (g A (g A' is not concentrated in degree 
zero. Since A (g X ^ for any 7^ X <E Rcp(SVi) (see Remark 1 2. 5 P we get that 
A g A (g A (Ei K' is split and not concentrated in degree zero. But this is not the 
case since A ® A ® K ® K' ~ (A ® K) (A ® A'') and both A (g) A and A <g> A' 
are split and concentrated in degree zero. □ 

We will show in ij4.3l that the category IC d is actually pre-Tannakian. Thus 
we constructed a fully faithful tensor functor Rcp(SVi) — > IC d where K d is a pre- 
Tannakian category. Of course a priori this might be quite different from Deligne's 
functor Rcp(S' d ) -> Rcp ab (Sd). 

4.3. Verification of t— structure axioms. The main goal of this Section is to 
prove Theorem 14.21 



4.3.1. We start by reformulating the definition of K d and Kj in terms of negli- 
gible objects, i.e. objects whose identity morphisms are negligible. 

Proposition 4.4. Let K e /Q. Then K E K.j° if and only j/Hom(A, A[n]) = 
for any negligible A E Rep(S'd) and n E Z<o- Similarly, A E JCj if and only if 
Hom(K,A[n\) = for any negligible A E Rep(SVj) and n E Z>o. 

Proof. We prove only the characterization of IC d (the case of K, d is similar). 
Assume first that Hom(A, A[n]) = for any negligible A and n E Z < q. By Propo- 
sition [32] A* = A, thus by Corollary [3~i6l A <g> B = A* ® B is negligible for 
all B E Repfgrf). Hence, Hom(A (g) K,B[n}) = Hom(A, A* (g B[n\) = for any 
B E Rcp(Sd) and n E Z<q. Since by Proposition [4J] the object A® A G ICd is split 
we get immediately that A e /Cj . 

Conversely, assume that A E K, d . Then by definition Hom(A (8) K,B[n]) = 
for any B E Rcp(SVi) and n E Z <0 . Hence Hom(A, A* <g> B[n\) = 0. Since, by 
Corollary 13. 161 any negligible object is a direct summand of an object of the form 
A (g B = A* (g i? we arc done. D 

4.3.2. Blockwise description of (K d ,)C d ). Recall that the category Rep (Sd) de- 
composes into a direct sum of blocks Rcpfffrf) = ©bRcPb(5'd)j see S J2.2.4I Similarly, 
we have a decomposition ICd = ®b(JCd)b (in other words, for any object K E K-d 
we have a canonical decomposition A = ©bAb where all the terms of the com- 
plex A' b E (JCd)b arc in the block Rep b (5 d )). Since A © (® b A b ) = © b A <E> A b 
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we see that K = ©b-^b G K-d if and only if Kb G JCj for any b (and similarly 
for ICj ). In other words K,-g = ®b(^Cj )b where (/Cj )b = JCj fl (/w)b, that is 
the subcategory Kj is compatible with the block decomposition (and similarly for 
JCj = ®b(ICj )b)- Thus in order to verify that (JCj , /Cj ) is a t— structure on fCd 
it is sufficient to verify that (QCj )b, QCj )b) is a i— structure on (K.d)b for every 
block b. Fortunately, Proposition 14.41 gives rise to an easy description of (JCj \ 
and (K.j )b- 

Proposition 4.5. Let K G (/Q)b- 

(aj Assume that b is a semisimple block and let L be a unique indecomposable 
object in b. Then K G (JCj )b (resp. K G (fCj )b) if and only if K G (/Q)b a^rf 
Hoth(K, L[n]) = /or any n G Z<o (resp. for n G Z>n,). 

(7>^ Assume that b is a non- semisimple block with indecomposable objects Li for 
i G Z>o labeled as in Proposition \2. % ii). Then K G {K,j )b (resp. K G (fC^ )b) if 
and only if K G (/Q)b a^^ Hom(iT, Lj[n]) = for all i > and any n G Z<o (resp. 
for n G Z >0 j. 

Proof. Combine Proposition 14.41 and Proposition 12. 71 □ 

4.3.3. Analogy with Temperley-Lieb category. The definition of the t— structure in 
i j4.2l was motivated by the following analogy. Pick a nontrivial root of unity q 
such that q + q^ 1 G F and recall the Temperley-Lieb category TL(q) from £12.31 
Consider the category K h (TL(q)). It is well known (see e.g. [01 Proposition 2.7] 
that the embedding TL{q) C C q induces an equivalence of triangulated categories 
K b (TL{q)) ~ D b (C q ) where D b (C q ) is the derived category of the abelian category 
C q . In particular the category T) q := L<C h (TL{q)) inherits a natural t— structure 
(Vf°,T>f°) from the category D b (C q ), see e.g. [BBD| Excmplc 1.3.2(i)jE This 
t— structure can be characterized as follows. 

Let St := Vi-i G TL(q) be the so called Steinberg module. It is known (see [APW1 
Theorem 9.8]) that St is a projective object of the category C q . Thus St Y is a 
projective object of C q for any Y G C q , see |APW[ Lemma 9.10]. In particular, for 
any K G T> q the object St (g> K G V q is isomorphic to its cohomology (as a finite 
complex consisting of projective modules and with projective cohomology). It is 
well known that each projective object of C q is contained in TL{q) C C q , see [XJ 
(5.7)]. Thus in the language of iffllfor any K G K b {TL{q)) the complex St® K is 
split (analogous to Proposition ^. 1[) . It is clear that K G T)^ if and only if St® K 
is concentrated in non-positive degrees and similarly for T>^° . This is a counterpart 

of the definition of the t— structure (K.j , K.j ). 

Furthermore, it is known that each direct summand of St ® Y for Y G TL{q) is 
negligible (see [Aj Proposition 3.5 and Lemma 3.6]) and that each negligible object 
of TL(q) is a direct summand of St ® Y with Y G TL(q), see p. 158]. Thus we 
have the following counterpart of Proposition 14.41 (with a similar proof) : 

(a) Let K G V q . Then K G T>f° (resp. K G V^°) if and only ifRom(K, A[n}) = 
for any negligible A G TL{q) and n G Z<o (resp. n G Z>oj. 

Hence, following £14.3.21 we can give a blockwise description of the t— structure 
(Vf°,Vf°). For a block b let (V q ) h denote the full subcategory of V q = K b (TL(q)) 



Thus the category T>q consists of objects of D b (C q ) with nontrivial cohomology only in 
non-positive degrees and similarly for T>q . 
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consisting of complexes with all terms from the block b. Using Lemma 12.111 we 
obtain the following counterpart of Proposition 14751 

(b) Let b be a non-semisimple block of TL(q) with indecomposable objects Li 
for i G Z>o labeled as in Remark 1 2.1 (A Let K G {T> q )b- Then K G 2?jr° (resp. 
K G L)^r° ) if and only if Hom(A', Li[ n D = f or all i > and any n G Z<o (resp. 
for n G Z >0y ). 

From this description it is clear that the pair (D^° n (£> 9 )b, 2?^° H {L) q )b) of sub- 
categories of (T> q )b corresponds to the pair ((IC d )b' , {JC d )b' ) under the equivalence 
(T> q )b — (ICd)b' induced by the equivalence of blocks from Proposition 12.91 Since 
(Df n (P 9 )b,2?^° (~1 (£><j)b) is a t— structure on the category (V q ) b we have the 
following 

Corollary 4.6. Let b be a non-semisimple block of the category TL(q) and let 
b' be an equivalent block in the category Kep(Sd) as in Proposition \2.9\ . Then 
((ICj )b', (IC d )b') is a t— structure on the category {K,d)w ■ O 

4.3.4. Proof of Theorern \4-2\ It suffices to show ((fCj )b, {KL d )b) is a t— structure 
on (ICd)b f° r every block b. If the block b is scmisimplc then the category {JCd)b can 
be identified with K b (VecF) and Proposition 14.51 (a) shows that ((/Cj )b, (JCj )b) 
is the standard t— structure on K b (VecF)- 

It remains to consider the case when b is a non-semisimple block. Choose a 
nontrivial root of unity q such that q + q^ 1 G F (for example a primitive cubic 
root of unity (, will work for any F since C + C _1 = ~ 1 •= F)- Then there is a 
non-semisimple block in TL(q), which is equivalent to b (Proposition 12. 9j) . Hence, 
by Corollary 14.61 ((£j )b, (^ )b) is a t— structure on (ICd)b- D 

4.3.5. Complements. The proof in M4. 3. 41 implies the following 

Corollary 4.7. (a) The category K d is pre-Tannakian. 

(b) Any object of the category KP d is isomorphic to a subquotient of a direct sum 
of tensor powers of [pt] . 

Proof. We already know that the category KP d is an abelian tensor category (see 
Corollary |4.3[) . It is obvious that Horn's are finite dimensional and End(l) = F since 
this is true in the category Kd- The category )C d is rigid: if A ® K is concentrated 
in degree zero then the same is true for A (g> K* ~ (A K)* . It remains to check 
that any object of )C d has finite length. It is clear that we can verify this block by 
block. The result is clear for semisimplc blocks since by Proposition ^. 5f a) the core 
of the corresponding t— structure identifies with Vec^- This is also clear for non- 
semisimple blocks since the corresponding t— structure (described in Proposition 
I4.5|) identifies with the t— structure on a block of the Tcmperley-Lieb category and 
the corresponding core has all objects of finite length since this is true for the 
category C q . This proves (a). 

For (b) we use the same argument as above: it is sufficient to verify the statement 
block by block. Here the result is trivial for semisimplc blocks and is known for 
non-semisimple ones since it is known to hold for the category C q . □ 

Remark 4.8. Using similar techniques of importing known results about the cate- 
gory C q to the category K- d we can obtain detailed information about this category. 
In particular, we see that the category KP d has enough projective objects; all inde- 
composable projective objects are direct summands of tensor powers of [pt] (but 
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powers of [pt] are not projective in general; for example [pi]® = 1 is not projec- 
tive). Thus Corollary 14. 7f b) can be improved: any object of the category /C° is 
isomorphic to a quotient of a direct sum of tensor powers of [pt] . 

5. Universal property 

5.1. Extension property of the category fC d . We start with the following 

Proposition 5.1. Let T be a pre-Tannakian category and let J- : Rep(Sd) —¥T be 

a tensor functor. Assume that ~F(A) ^ 0. Then the functor J 7 (uniquely) factorizes 
as Rcp(S'd) — > /C° — > T where KP d — > T is an exact tensor functor. 

Proof. Let K £ JC d . We can consider J-(K) £ K b (T). Since the category T is 
abclian we can talk about cohomology of J-(K). 

Lemma 5.2. W(T(K)) = for i jL 0. 

Proof. Notice that for any O^leTwe have X®J-(A) ^ 0. Since the endofunctor 
— <g) J"(A) of the category T is exact (see e.g. jBKl Proposition 2.1.8]) we see that 
H l (T(K®A)) = H l {T{K)®T{A)) = H i (F(K))®T(A). By definition of K.° the 
cohomology of T(K ® A) is concentrated in degree zero and we are done. □ 

We now define the functor Q-jTasi^H} H°(iF(K)) with the tensor structure 
induced by the one on T (or rather its extension to K b (Rep(Sd)) — > fC b (T)). □ 

Remark 5.3. Here is an example of tensor functor between abelian rigid tensor 
categories which is not exact. Let k be a field of characteristic 2 and consider 
the category Rcp fc (Z/2Z) of finite dimensional k— representations of Z/2Z. This 
category has precisely 2 indecomposable objects: one is simple and 1-dimensional; 
the other is projective and has categorical dimension 0. Thus the quotient of 
Rep fe (Z/2Z) by the negligible morphisms is equivalent to the category Vec/c of finite 
dimensional vector spaces over k. Clearly the quotient functor Rcp fc (Z/2Z) — > VeCfe 
is not exact since it sends the projective object to zero. One can also construct a 
similar example over a field of characteristic zero using the representation category 
of the additive supergroup of a 1-dimensional odd space. 

5.2. Fundamental groups of /C° and Rep(Sd). Let 7r be the fundamental group 
of the pre-Tannakian category K d . The action of 7r on [pt] £ Rep (Sri) C K d defines 
a homomorphism it — > Si where I = Spec([pt]). 

Proposition 5.4. The homomorphism e : ir — >• Si is in fact an isomorphism. 

Proof. Since the object [pt] generates KP d (see Corollary 14. 7( b)) the homomorphism 
£ : 7r — > Si is an embedding. 

Consider the category Rep(S , i,e). It is shown in (the proof of) |Del071 Propo- 
sition Bl] that its fundamental group is precisely the group S^ = Aut Rcp (5 ie )(I). 
We have an obvious tensor functor Rep dS*,;) — > Rep(5'i,e); by Proposition 15.11 it 
extends to a tensor functor T : KP d — > Rep (Si, e). Thus we have a homomorphism 
Sf — > F(it). It is clear that the composition Sf — > F{k) C J 7 (Si) = Sf is the 
identity map. The result follows. □ 

We also recall here the following result from |Del901 8.14(h)]: 

Proposition 5.5. The fundamental group of the category Kep(Sd) is the group Sd 
acting on itself by conjugation. □ 
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Remark 5.6. It is explained in |Del90[ 8.14(ii)] that we can replace Sd with any 
afhne algebraic group G in the statement of the previous proposition. 

5.3. Proof of Theorem 11.21 We start with the following result: 

Theorem 5.7. Let T be a pre-Tannakian category and let J- : Rcp(5Vi) — > T be a 
tensor functor with T = J-([pt\). 

(a) If J 7 (A) = then the category Rcp(Si,e) endowed with the functor Tt '■ 
Rep (Sd) — > Rep(S'i, e) is equivalent to Rep(SVj) equipped with the functor Rey (Sd) —> 

Rep(SVj)- 

(b) If J- (A) =/= then the category Rep(Si,£) endowed with the functor Tt '■ 
Rep (5V;) — > Rep(S'i,e) is equivalent to K. d equipped with the functor Rcp(SVi) — > K d . 

Proof, (a) In this case T factorizes as Rep (Sd) —> Rep(SVj) — > T (see Corollary 
EH]). The result follows from jDel901 Theoreme 8.17] and Proposition [53] 

(b) In this case T extends to a functor Rep(SVj) — > K? d — > T by Proposition 15. II 
The result follows from |Del90l Theoreme 8.17] and Proposition [51] □ 



If we apply Theorem 15.7( b) to the category T = Rcp(5_i) and the functor 

s d 

S- 



Resf^ : Rep(S'd) ->• T described in i |2.2.2l and p^4lwe obtain the following 



Corollary 5.8. The category Key (Sd) endowed with the functor Rep (5V;) — > 
Rcp atl (5'w) is equivalent to the category K? d with the functor Rcp(5*w) — > K, d . D 

Clearly Theorem 15.71 and Corollary 15.81 together imply Theorem 11.21 
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